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Abstract 

We derive a transformation of the noncommutative geometry inspired Schwarzschild sokition 
into new coordinates such that the apparent unphysical singularities of the metric are removed. 
Moreover, we give the maximal singularity-free atlas for the manifold with the metric under con- 
sideration. This atlas reveals many new features e.g. it turns out to describe an infinite lattice of 
asymptotically flat universes connected by black hole tunnels. 
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I. INTRODUCTION 



The area of quantum gravity has not yet converged into a single theory and at present 
several rival theories co-exist. Nevertheless, certain common or global features like noncom- 



mutativity at lengths less than 10 



-16 



cm |l, 2|, a new uncertainty principle including gravity 
effects js], the avoidance of physical singularities sjj (e.g. replaced in the noncommutative 
geometry by a deSitter core), black hole remnants [4] etc. are expected. The noncommuta- 
tive aspect of spacetime has been recently applied to the final state of a black hole IgUiOI. 
The starting point of these new developments is the commutation relation [x'^, x'^] = 9^'^ . 
Based on such a commutation relation one can show that one of the effect of non commu- 



tativity is to replace point-li 
Gaussian form. Following |10 



ie objects by de-localized matter sources which turn to be of 



12 



13| we can take, instead of the point mass M, described by 



a 5-function distribution, a static, spherically symmetric, Gaussian-smeared matter source 

M 



P 



(47r^)^/2 



-rl 

e 49, 



where D > is the dimension of the underlying manifold. This observation gave rise to 
new models of mini black holes [l|, gIIiiI where the singularity at the origin is replaced by 
a self-gravitating droplet. Although the issue of smearing point-like structures might not 
be the only fingerprint of the noncommutative geometry, these models explicitly reveal its 
importance. For instance, the central singularity is replaced by a deSitter core (droplet) and 
the metric can have two horizons depending whether the black hole mass exceeds a certain 
critical mass [7|. In Schwarzschild coordinates, these horizons leave unphysical singularities 
in the metric components. We will present a coordinates extension in the following sections 
of the paper. It is therefore of some importance to find a maximal atlas for this metric and its 
interpretation. For any metric in General Relativity with apparent unphysical singularities 
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16[ . Such 



there is a continued interest in finding maximal singularity-free extensions 
maximal atlases often shed new light on the manifold under consideration. In particular, 
this is true for metrics which are partly motivated by a quantum mechanical property such 
as the noncommutativity of the coordinate operators. New phenomena closely related to this 
quantum nature of spacetime can emerge. Indeed, for the metric inspired by noncommutative 
geometry which we study in the present paper, the maximal atlas reveals the existence of 
black hole tunnels connecting parallel universes. 
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The paper is organized as follows. In section II we will discuss the singularities of the met- 
ric which emerge in the framework of noncommutative geometry when a point-like structure 
is smeared by the so-called Gaussian prescription. Section III treats the new transformation 
of the Schwarzschild coordinates which leads to the maximal atlas. Section IV continues 
these considerations and discusses the determination of the constants in the transformation. 
Section V interprets the results in terms of a Penrose diagram. Section VI is devoted to 
the extreme case where the mass is equal to a critical mass. In section VII we draw our 
conclusions. 



II. SINGULARITIES OF THE METRIC 



The replacement of the sharp point-like structure discussed above suggests that the metric 
can be based on the Gaussian mass distribution, 



M 



The ansatz of an anisotropic perfect fluid energy-momentum tensor taken together with two 
equations of state in which the pressure is determined by the Tolman-Oppenheimer- Volkov 
equation leads to the noncommutative geometry inspired Schwarzschild solution [J] given by 

where M is the mass of the black hole, 6' > is a parameter encoding noncommutativity and 
7 is the incomplete lower gamma function. The singularities of the metric are determined 
by the equation 

g,,{r):=l-^^l-,-) =0. (3) 



According to [7,] there are three possible scenarios, namely 

1. if M < Mq ~ 1.9\/6, the function goo never vanishes, 

2. if M = Mq, goo vanishes just at one value tq ~ 3.0\/6 (extremal black hole), 

3. if M > Mq, there exist r± with < r_ < r_)_ such that goo{r±) = 

A striking feature of the metric ([2]) is the absence of a true singularity at r = 0. Moreover, 
the above classification is of numerical nature since the equation 5'oo('^) = cannot be solved 



in closed form. We prove below that in the case that the black hole mass exceeds the critical 
mass Mo the roots of the equation goo{r) = are simple. This result will play an important 
role in the following considerations. First we need to clarify the nature of the critical mass 
Mq, which turns out to be the minimal mass to have horizons. Therefore, if we employ the 
horizon equation to define a function M = M{rij), where r^^ is a solution of the equation 
fi'oo('^) = 0, we obtain 



Thus, having considered the derivative dM{rH)/drH, we can look for vq such that the latter 
vanishes, i.e. dM/drnlrg = 0. We do this in order to define Mq = M(ro). One can easily 
show that the above derivative vanishes if and only if 

^{3/2;rl/Ae)=rH^. (5) 

From the properties of the gamma function one can easily derive the following result 

and as a consequence 

7(3/2;ry4^) = ^r^r^e-^^/^'^ (7) 
where G [0, Th]- Eq. (j5]) can now be written as 

4^3/2 r^e - ^^3/2 ^h(^ ' y^) 

which admits a unique solution if and only if th = = tq. We can conclude that there 
exists a unique horizon radius tq, corresponding to the critical mass Mq. With this in mind 
we can establish the following lemma 

Lemma 1 Let M > Mq and < r_ < r+ such that gQo{r±) = 0. Then, r_ and r_|_ are 
simple zeroes of 

Proof. We give the proof for a generic solution of the horizon equation 5'oo('"h) = 0. 
Therefore th corresponds either to r+ or r_. Notice that if the limit 

hm^ 
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is finite, then rn is a simple root. Since goo is differentiable on the interval [0, oo) we can 
expand it in a Taylor series and we obtain 



Ir - th 



Hence, 



lim 



9oo[rH) 



r^rn r — rjj 

and in order to show that rn is a simple zero we need to prove that g'ooi'^H) 7^ 0. Taking 
into account the fact that 



9oq{'^h) 



4M 



3 r|- 
^ ' 2' 4^ 



[th ' V2' 4^, 

where a prime denotes differentiation with respect to the horizon radius and comparing the 
above equation with the Eq. ([5]), we can see that g'ooi'^H) vanishes if and only if th = tq- 
This implies that M = Mo which is at variance with the initial assumption. As a result we 
can conclude that g'ooi^'H) 7^ for M > Mo and th tq. 



III. A NEW TRANSFORMATION 

We show that the singularities of ([2]) can be removed by a suitable coordinate transfor- 
mation as in the case of the Reissner-Nordstrom solution. In order to do that we shall follow 
Like in the Kruskal approach [14] we introduce coordinates u{t, r) and f (t, r) such that 
the original metric goes over to 

ds^ = f{u, v){dv^ -du^) -r\u,v){d^^ + sm^^ V) (9) 

with the requirement that 7^ 0. This will happen if u and v satisfy the non homogeneous 
system of first order nonlinear partial differential equations 

f\u,v)[{dtvf-{d,uy]=goo{r), (10) 
fiu,v) [{drvf - idruf] = -goo\r), (11) 
drU dtu — drV dtv = 0. (12) 

The next step is to find a suitable transformation of the variable r such that the above system 
becomes a homogeneous system of PDEs. If we multiply f|TT]) by g^Q and we introduce a new 
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spatial variable r^, = r*(r) defined through 

dr* _ 1 

dr gooir) 

then we have 



(13) 



id,vy-idtuy = Fin), (14) 

{dr,Vy-{dr,uf = -F{n), (15) 

dtv dr,v — dtu dr,u = (16) 

with u = u{t, r^), V = v{t, r*) and -F(r^,) := goo{r)/f^ where r is a function of r*. We want to 
show that u and v satisfy a wave equation. If we consider the combinations (fT4l) + (fT5l) ±2 (fT6ll 
we arrive at the following equations 

{dtv + dr,vf = {dtu + dr^u)\ (17) 
{dtv - dr^vf = {dtu - dr^uf. (18) 

While taking the square roots of the above equations only those choices of the sign are allowed 
for which the determinant of the Jacobian of the transformation x := (f , m, -(9, </)) — x = 
{t, r, i}, if) does not vanish identically. Hence, we require 

det(J) = det = dr,u - dr,v dtu ^ 0. (19) 

\ dtU dr^u I 

Clearly, there are four possible choices of the sign. If we consider for example the case 

dtU + dr,u = dfV + dr,v, dtU — dr,u = dtV — dr^v, 

we would obtain dtU = dtV, dr,u = dr,v which implies det(J) = 0. The same happens if we 
consider 

dtU + dr,u = —dtV — dr^v, dtU — dr^u = —dtV + dr^v. 
On the other hand the choice 

dtU + dr^u = dtV + dr,v, dtU — dr,u = —dtV + dr^v, 

leads to the equations 

dtU = dr^v, dr,u = dtV. (20) 



We require that 

det(J) = ((9,.m)2 - (dtu)^ ^ (21) 

in that part of the manifold which is described by the coordinates {v,u,i),ip). In the next 
section we will show that the above condition is indeed satisfied. Finally, it is not difficult 
to verify that the choice 

dfU + dr,u = —dtv — dr,v, dtu — dr^u = dfV — dr,v 

is equivalent to the previous one in the sense that both give rise to the same wave equations. 
Thus, from fl20|) we can derive the following wave equations: 

dttU - dr,r,U = 0, dttV - dr,r,V = 0, 

with the solutions 

u{t,r^) = h{r^ + t) + g{r^ - t), v{t,r^) = h{r^ + t) - g{r^ - t). (22) 



Substituting ([22]) into ([H]) or ([15]) gives 



dhdq ^, . , , 



with y := -\- 1, z := — t whereas ( 116]) gives a trivial identity. Note that ([23]1 fixes the 
relative signs of the functions h and g since by definition of the function F{r,,) we have 
F{r^) > for r > r+ and F{r^) < for r_ < r < r+. Moreover, if we substitute ([22]) into 
( I2T]) the invertibility condition simplifies to the requirement 

F{n) + 0. (24) 

Clearly, ( 12^ is not satisfied for r = r±. This means that on the spheres with radius r± 
the transformations from spherical coordinates to ones which we are constructing, are not 
invertible. However, this is not really a problem since our goal is to construct several charts 
patching different regions of the manifold and by construction we will see that the transfer 
functions between these charts are always invertible. Finally, if we compute d^, ( j23]) / ([23]) 
and ^/ ([23]) / ([23]) with the requirement that r 7^ r-t we end up with the following equations: 

(d^ fdh\ ffg\ (dg\ ^ ^dF_ ffh\ fdh\ _ (<Pg\ ( dg\ ^ 
\dyy ' \dy J \dzy ' \dz J F dr,' \dyy ' \dy J \dzy'\dzj 
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Summing the above equations we obtain 

d / dh\ d ,^ ^. , , 

Hence, once we solve for h the unknown function g can be determined from 

^ ^n^UAfln^V (26) 



dz \ dz J dy \ dy J 
Since the variables y and in fl25p can be regarded as independent variables, we can set 
both sides in ( |25|) equal to a separation constant 27. The factor 2 has been introduced in 
order to simplify the left hand side of fl25l) . Hence, the solutions read 

F(r,) = cie^^^*, %) = ^e^^ + C3, g{z) = ^ e''^ + c,, 

7 7 

with 7 7^ 0. However, this condition on 7 is always satisfied as we shall see in the next 
section. Guided by the principle that we wish to derive the most simple expressions for 
u and V we can choose without loss of generality, C3 = C5 = 0. Taking into account the 
definition of the tortoise coordinate we obtain, 

v{t, r*) = — (c2 e'^* - C4 e""^*) , u{t, r*) = — (c2 e'^* + C4 e"'^*) . 
1. Regions I and III (r > r^) 

Let (f/, M/) denote the specific coordinates (f , m) specialized for the region / characterized 
by r > r_|_. In this region F{r^) > and equation (123|) requires that we choose h and (? with 
a positive relative sign. This implies that the constants C2 and C4 have to be chosen with 
the same sign. The simplest choice is C2 = 7/2 = C4. Thus, we have 

vi(t, = e''"^* sinh (7^), ui(t, r^,) = e''""* cosh (7^) 

and 

Cl 

In the next section we shall see that the requirement 7^ fixes the value of the separation 
constant 7. The constant Ci can be fixed by requiring that the inverse transformation from 
the coordinates {vi,ui,{},ip) to the coordinates (t,r,{},ip) gives (E]) again and we find that 
Cl = 7^. Thus, we conclude that 

7^ 



Clearly, we still have the possibility to choose the functions h and g both with negative 
signs so that their relative sign is again positive. In this case we get a new set of coordinates 
representing a portion of the manifold (we call it region ///) which is isometric to region /. 
In particular, the coordinates which map such a region are 

viii{t,r^) = —e''''' sinh(7t), Uni{t.,r^) = —e''^* cosh(7t). 

Note that um is always negative as it should be according to the present choice of the 
relative sign of the functions h and g whereas vm can assume both negative and positive 
values. 

2. Regions II and IV (V_ < r < r^^) 

Region II is obtained by deriving the corresponding transformation when the radial 
coordinate varies in the interval (r_,r+). In this case F{r*) < and the relative sign of the 
functions h and g must be negative. If we choose C4 = —7/2 = — C2 we get 

vn{t,r^) = e''^* cosh (7 t), ujj{t,r^) = e'''* sinh (7 t). 

Clearly, we are also free to make the opposite choice. This is equivalent to the transformation 
(f , u) — > (— f, —u). Thus, region IV is isometric to region // and it is described by the 
coordinates 

viv{t,r^) = -e^'^* cosh (7 t), uiv{t,r^) = -e^'^* sinh (7 t). 

In the next section we shall discuss that the overlapping conditions at r = r-t are satisfied. 
It is evident that the inverse transformations can only be given implicitly since from ( !T3|) 
we see that r^,(r) cannot be inverted in terms of elementary functions. However, from the 
following relations 

«2 _ ^2 ^ ^2,r.. ^ 1 ^^^^-1 r\=t^ (27) 

7 \u/ 

we see that in the (f , M)-plane,the lines t =const are straight lines v/u =const whereas lines 
r =const are represented by the hyperbolae — v"^ =const. 

IV. DETERMINATION OF THE SEPARATION CONSTANT 7 

Let us first consider the singularity at r+ . Lemma [1] ensures that r_|_ is a simple zero of 
the metric coefficient goQ. Thus, the following Taylor expansion holds in a neighborhood of 

9 



r_|_, namely 



with 



goo{r) = a{r - r+) + /3(r - r+)^ + 0(r - r+) 



On the other hand the expansions of the tortoise coordinate and of the functions e^^'^''* 
are 



— In (r — r+) — ^(r — r+) + C(r — r+)^, 



1 =F -^('^ - + C'fr - 



Hence, we have 



[j — ^_|_)(°-27)/a 



a + /3 + 



2/37 



From Lemma [T] it follows that a can never vanish and we can choose 7 so that the singularity 
at r+ is cancelled. This happens if 7 is chosen to be 

a 1 / , , 

Clearly, it is not possible to cancel both singularities at once. In order to remove the 
singularity at r_ we can proceed as we did above and we find that 

7- = ^^oo(^-)- 

If we choose 7 = 7+ in the (f , u) coordinates we can proceed from an arbitrarily large r 
towards smaller r across the set r G (r„, r+. If we want to continue further across r = r_ we 
have to go back to the coordinates (f , u) and choose 7 = 7.. In this way we can continue 
across r = r_ and reach r = since it is not a singularity for the metric ([2]) and even 
continue through this timelike surface. 



V. RADIAL OBSERVERS 

We now analyze the motion of a radial observer inside the noncommutative geometry 
inspired Schwarzschild black hole. In doing so we will not address issues of stability which 
we postpone to a future investigation. When the observer enters the event horizon at r_)_ 
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but has still not crossed the second horizon at r_, the radial coordinate r becomes timelike, 
implying that the motion proceeds with decreasing r. Once the observer has crossed the 
Cauchy horizon at r_, the coordinate r becomes spacelike again. This means that we have 
two possible kinds of motion given by increasing and decreasing values of r. At this point 
the observer can take two decisions: either to cross the timelike surface r = in order 
to approach an asymptotically flat region or to reverse his/her course as is the case in 



the Reissner-Nordstrom metric 18|. By taking the latter decision, the observer will cross 
another copy of the surface r = r_. Having entered the new region r_ < r < r+ the radial 
coordinate becomes again timelike and the observer is forced to cross a new copy of the event 
horizon r+. In this way the observer will emerge out of a white hole in an asymptotically 
fiat universe. However, the journey of the observer might not finish here since he still has 
the possibility to enter the noncommutative inspired Schwarzschild black hole living in this 
new universe. 

The result is the possibility to make a trip through an infinite number of universes 
connected by black hole tunnels. In order to depict the dynamics described above we shall 
construct a Penrose diagram (see Fig. 1) for the spacetime structure of the maximal extended 
Schwarzschild solution inspired by noncommutative geometry. First of all, we observe that 
the radial null geodesies in the metric (Q are du/dv = ±1. For this reason it is convenient 
to switch to null coordinates p = u + v, q = u — v with v = e'^+'^* sinh (7+^) and u = 
e'*'+^* cosh (7+t) in order to apply the so-called Penrose transformation P = tanhp and 
Q = tanhg. It is clear from ( 1271) that the equation of the apparent singularity at r+ reads 
u'^ — v'^ = 0. Thus, in the {Q, P)-plane the equation u = v becomes Q = Q whereas u = —v 
reads P = 0. Moreover, the null infinities p = ±00 and q = ±00 are mapped into P = ±1 
and Q = ±1. In this way we mapped the {v, M)-plane in the square [—1, 1] x [—1, 1] where as 
usual we can introduce new coordinates U = {P + Q)/2 and V = (P — Q)/2. We recall that 
the coordinate singularity at r+ has equation U = ±V. The null infinities are now straight 
line segments with equations U + V = P = ±1 and U — V = Q = ±1, while the lines 
r =const in the subspace {"i? = const, ip = const} which are represented by the hyperbolae 

— f ^ =const are still hyperbolae in the (f/, y)-plane with equation [l^ 



a' 



a 



1 — C 

a := -, C := e^^^ = const. 



1 + C" 

Concerning the regions r < r+ we just repeat the above procedure with v = e'^~'^* sinh (7_t) 
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de Sitter core 



-1 




FIG. 1: The conformal diagram of the maximally extended noncommutative inspired Schwarzschild 
spacetime. r+ and r_ represent the event and Cauchy horizons, respectively. The central singularity 
appearing in the Reissner- Nordstrom metric is now replaced by a regular deSitter core (dotted line). 
The upper and lower part of the box indicated by the dashed line can be identified to make the 

manifold cyclic in the time coordinate. 



and u — e^-^* cosh (7-^). In this way we can patch together conformal diagrams of different 
parts of the original manifold and we end up with the Penrose diagram shown in the rectangle 
in the centre of Fig.l. Radial null geodesies would be represented by straight hues parallel 
to the horizons r±. Since no future-directed null geodesic can go from region // to region 
/ or /// we conclude that r = r+ is an event horizon. Note that the present situation is 
very different from the classical Schwarzschild or the Reissner-Nordstrom case since there 
is no central singularity at all. This point allows to interpret the noncommutative inspired 
Schwarzschild solution as a series of open tunnels connecting infinitely many asymptotically 
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flat universes. However, there is also an alternative interpretation when we restrict our 
attention to the thick-line rectangle of Fig.l. In fact, we realize that the upper tunnel (the 
strip where in the Reissner- Nordstrom case we would expect to have the central singularity) 
is a copy of the lower tunnel. This suggests that we might identify the two tunnels. If we 
do that, the manifold becomes finite and cyclic in the timelike coordinate. 



VI. THE EXTREME CASE 



In the extreme case M = Mq the metric ([2]) becomes 



ds' 



(r - roy(j){r)dr 



r d'd — r sin ^ dip 



(28) 



(r — ro)^0(r) 

where is a differentiable and not vanishing function in the interval JO, oo). In order to 



derive the maximal extension we shall follow the procedure adopted in 



20|. To this purpose 



we consider the surface {d = const, ip = const} and we write (128!) as follows: 



ds'^ = (r — ro)^0(r) 



dt - 



dr 



[r — ro)^(p[r) 

By introducing null coordinates p and q defined as 



dt + 



dr 



V - ro)20(r) 



(29) 



p := t + r* 



dr 



q := t — r , 
<l>'{ro) 



(r - ro)20(r) (r - ro)0(ro) (j)^{ro) 
our metric becomes 



In (r - ro) + C(r - ro) (30) 



ds' 



(r — Tq) (j){r)dp dq — r d'd — r sin dip 



(31) 



where now r is a function of p and q. It is worth mentioning that the surface {r = tq, "d = 
const, if = const} is made of radial null geodesies corresponding to lines parallel to p = const 
and q = const in the {p, g)-plane. 

The metric ( 13T]) is regular for all real values of p and q. In order to understand where 
the coordinate singularity tq lies in the (p, g)-plane we need to study the signs of 0(ro) and 
0'(ro). First of all, notice that 

0(ro) = l^oiro), 0'(ro) = l^r,) 
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FIG. 2: The conformal diagram of the maximal extension of the extreme noncommutative inspired 
Schwarzschild spacetime where thin straight segments are the images of the null infinities as r — > oo, 
dashed segments denote the event horizon at ro and hatched segments represent the deSitter core. 
As in the non extreme case we can identify the square at the bottom with the next one up. 

Thus, the problem reduces to finding the signs of fifool^o) and 5'oo(^o)- Using the software 
Maple we find the following numerical values 5'oo(?"o) ~ 0.287 and 5'oo(?"o) ~ —0.277. This 
implies that the coordinate singularity Tq is at p = — oo and q = oo when we move toward 
it from r > ro and at p = oo and q — — oo when we approach it from r < Tq, keeping 
in mind that these two regions will be covered by two different coordinate patches. With 
respect to the first coordinate patch the spatial infinity is at p = oo and q — — oo. Again 
we can make the infinities finite by means of the transformation p — tan P and q — tan Q, 
the nice feature of which is that we can lay the images of r = ro side by side in the two 
patches. With respect to the coordinate patch in the region r > Tq the image of r = rg is 
the point with coordinates P = — 7r/2 and Q — n/2 whereas the choice of the coordinate 
patch relative to the region r < Tq sends Tq to P = 7r/2 and Q — — 7r/2. in passing we note 
that spacefike infinity is mapped also to the point (7r/2, — 7r/2) in the (P, (5)-plane. Putting 
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all this information together we can construct an infinite chain of conformal diagrams as 
shown in Fig. 2. In the present case the spacelike variable r does not become timelike when 
we cross the event horizon. As we did in the non extreme case with respect to the thick-line 
rectangle we can identify the square at the bottom with the square at the top. Proceeding 
like that we obtain a manifold which is cyclic in the timelike coordinate. 



VII. CONCLUSIONS 



If we divide the quantum black hole physics into the three categories: (i) problems zeroing 
around the central singularity (final stage of a black hole) j^, ^, (ii) those zeroing around 
the horizon (Hawking evaporation) 2l| and (iii) those around the question regarding the 
existence of bound orbits in the outer regions 22| , this article addresses the first issue in the 



framework of noncommutative geometry. We found a maximal singularity-free extension of 
the noncommutative geometry inspired Schwarzschild metric. The new coordinate chart we 
derived in the text has the advantage that we can illustrate more clearly the overall topology 
of the non extreme and extreme noncommutative geometry inspired Schwarzschild manifold. 
The Penrose diagrams are shown in Figs.l and 2, respectively. The most striking feature of 
the manifold is black hole tunnels connecting different universes and/or a cyclic structure of 
the manifold in the time coordinate after identification of two parts of the Penrose diagram 
(see Fig. 1) is performed. This together with the absence of a central singularity reveals the 
main difference as compared to the classical Schwarzschild black hole structure. By some 
minor modification the method we used can be applied to derive the maximal extension 
of the noncommutative geometry inspired Reissner-Nordstrom black hole [q]. Finally, the 
stability issue of the tunnels has been examined in 23|, where it has been shown that the 
Cauchy horizon of the noncommutative geometry inspired Schwarzschild black hole is stable 
under massless scalar perturbations governed by a wave equation modified accordingly to 
noncommutative geometry. 



[1] P. Nicolini, "Noncommutative black holes, the final appeal to quantum gravity: A Review", 
Int. J. Mod. Phys. A24: 1229, 2009 



15 



[2] J Madore, An introduction to noncommutative geometry in "Geometry and Quantum Physics" , 
Lectures Notes in Physics Vol. 543, Springer- Verlag 2000; A. H. Chamseddine, G. Felder and 
J. FrohHch, "Gravity in non-commutative geometry", Commun. Math. Phys. 155, 2005, 1993; 
A. Connes, "Noncommutative geometry and reahty", J. Math. Phys. 36, 6194, 1995 

[3] R. J. Adler and D. I. Santiago, "On gravity and the uncertainty principle". Mod. Phys. Lett. 
A14, 13712, 1999; G. Veneziano, Europhys. Lett. 2, 199, 1989; C. Bambi and K. Freese, 
"Dangerous implications of a minimum length in quantum gravity". Class. Quant. Grav. 25, 
195013, 2008; I. Arraut, D. Batic and M. Nowakowski, "Comparing two approaches of Hawking 
radiation of Schwarzschild-deSitter black holes". Class. Quant. Grav. 26, 125006, 2009 

[4] S. B. Giddings, "Black holes and massive remnants", Phys. Rev. D46, 1347, 1992; X. Li, 
"A note on black hole remnant", Phys. Lett. B647, 207, 2007; B. Koch, M. Bleicher and A 
Hosenfelder, "Black hole remnants at LHC", JHEP 10, 053, 2005; R. J. Adler, P. Chen and 
D. I. Santiago, "The generalized uncertainty principle and black hole remnants". Gen. Rel. 
Grav. 33, 2108, 2001 

[5] A. Parker and C. A. Fulling, "Avoidance of singularities in general relativity", Phys. Rev. 7, 
2357, 1973; M. Sami, P. Singh and S. Tsuijikawa, "Avoidance of future singularities in loop 
quantum gravity", Phys. Rev. 74, 043514, 2006; A. Kreienbuehl, Singularity Avoidance and 
Time in Quantum Gravity", Phys. Rev. D79, 123509, 2009 

[6] P. Nicolini, "A model of radiating black hole in noncommutative geometry", J. Phys. A38, 
L631 (2005) 

[7] P. Nicolini, A. Smailagic, E. Spallucci, "Noncommutative geometry inspired Schwarzschild 
black hole", Phys. Lett. B645, 547, 2006 

[8] E. Spallucci, A. Smailagic and P. Nicolini, "Non-commutative geometry inspired higher di- 
mensional charged black holes", Phys. Lett. B670, 449, 2009 

[9] S. Ansoldi, P. Nicolini, A Smailagic and E. Spallucci, "Noncommutative geometry inspired 
charged black hole", Phys. Lett. 645, 261, 2007 
[10] T. G. Rizzo, "Noncommutative inspired black holes in extra dimensions", JHEP 0609, 021 
(2006); R. Garattini and F. S. N. Lobo, "Self-sustained traversable wormholes in noncommuta- 
tive geometry", Phys. Lett. B671, 146 (2009); P. Nicolini and E. Spallucci, "Noncommutative 
geometry inspired wormholes and dirty black holes" , iarXiv:0902. 46541 [gr-qc] 
[11] I. Arraut, D. Batic and M. Nowakowski, "A non commutative model for a mini black hole", 

16 



Class. Quantum Grav. 26, 245006, 2009 
[12] A. Smailagic and E. Spallucci, "Feynman path integral in the non-commutative plane", J. 

Phys. A: Math. Gen. 36, L467, 2003 
[13] E. Spallucci, A. Smailagic and P. Nicolini, "Trace anomaly in quantum spacetime manifold", 

Phys. Rev. D73, 084004 (2006) 
[14] M. Kruskal, "Maximal extension of Schwarzschild metric", Phys. Rev. 119, 1743, 1960 
[15] J.C. Graves, D.R. Brill, "Oscillatory character of Reissner-Nordstom metric for an ideal 

charged wormhole" Phys. Rev. 120 1507, 1960 
[16] C. Fronsdal, "Completion and Embedding of the Schwarzschild Solution" Phys. Rev. 116 778, 

1959; W. Israel, "New Interpretation of the Extended Schwarzschild Manifold" Phys. Rev. 

143 1016, 1966 

[17] M. Abramowitz, LA. Stegun Handbook of Mathematical Functions, Dover, 1972. 
[18] E. Poisson A Relativist's toolkit: The Mathematics of Black Hole Mechanics, Cambridge Uni- 
versity Press, 2004 

[19] J. Plebanski and A. Krasinski An Introduction to General Relativity and Cosmology, Cam- 
bridge University Press, 2006 

[20] B. Carter "The complete analytic extension of the Reissner-Nordstrom metric in the special 
case = m^" Phys. Lett. 21 (1966), 423 

[21] S. W. Hawking, Commun. Math. Phys. 43, 199, 1975; D. Page, Phys. Rev. D13, 198, 1976 

[22] A. Lasenby, C. Doran, J. Pritchard, A. Caceres and S. Dolan, "Bound states and decay times 
of fermions in a Schwarzschild black hole background", Phys. Rev. D72, 105014, 2005; M. 
Winklmeier and O. Yamada, "Spectral analysis of radial Dirac operators in the Kerr-Newman 
metric and its applications to time-periodic solutions" J. Math. Phys. 47, 102503, 2006; D. 
Batic and M. Nowakowski, "On the bound states of the Dirac equation in the extreme Kerr 
metric". Class. Quant. Grav. 25, 225022, 2008 

[23] D. Batic and P. Nicolini "Fuzziness at the horizon" . ' arXiv:1001. 11581 [gr-qc] 



17 



